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Matrix Algebra — Calculus Tutorials

MATRIX ALGEBRA

We review here some of the basic definitions and
elementary algebraic operations on matrices.

There are many applications as well as much interesting
theory revolving around these concepts, which we
encourage you to explore after reviewing this tutorial.

A matrix is simply a retangular array of numbers. For

example,
aii ai2 ain
Qo1 Qg2 Qon
A=
| Am1 Am2 Amn

sam X nmatrix $mSrows, $n$columns, where the
entry in the i row and jth column is a;5. We often write

A = [aij]_
Some Terminology

Foranm X nsquare matrix A the elements

a1, a9, ..., 0y, fOrm the main diagonal of the matrix.
n

The sum Z arr Of the elements on the main diagonal of
k=1

Ais called the trace of A.

The matrix AT = laj;] formed by interchanging the rows
and columns of A is called the transpose of A If AT = A,
the matrix A is symmetric.

Example

6

et B = [ 9].Thetrace of Bis6+ (—6) =0.

The transpose of Bis BT = [g _461} ,

Addition and Subtraction of Matrices
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To add or subtract two matrices of the same size, simply
add or subtract corresponding entries. That is, if B = [b;]
and C = [Cij],

B+C= [bm + Cij] and B— C = [bij—cij].

Example
For B = 0 ) and C = L2 ,
—4 —6 -1 0
1 2
B+C:[ 6 + 9+ ]:[ 7 11]
—4—|—(—1) —6+0 -5 —6

poes {—46—_(1—1) —96_—20] - {—2 ‘;] |

Them X nzero matrix, O, for which every entry is O, has
the property that for any m X n matrix 4,

A+0=A.
Scalar Multiplication

To multiply a matrix A by a number e a“scalar”, multiply
each entry of A by e. That is,

cA = [caij].
Example

6

Using the matrix B = [ ] from the previous

example,

3323{ 6 9]:[ 18 27].

-4 —6 —12 —18

Matrix Multiplication

Let X beandm X n matrixand Y be ann X p matrix.

Then the product XY is the m X p matrix whose (4, 7)
entry is given by

n
E LikYkj -
k=1
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Notes

e The product XY is only defined if the number of
columns of X is the same as the number of rows of Y.

e XY and Y X may very well not both be defined. If they
both do exist, they are not necessarily equal and in fact
mMight not even be of the same size.

Example

For the matrices B = [ Z z] and C = [ ! 2],

~1 0
6 9] 1 2] [ (6)Q)+(9)(-1)

while

_ v 2 6 9 | MO +@2)(=4) (1)) +(2)(-6)
“re [ ] [— } N [(—1)(6’)+(0)(—4) (=1)(9) + (0)(—6)

-1 0 4 —6

The n X n matrix having all main diagonal entries equal
to1and all other entries equal to O is called the identity

1 0 0
matrix I. For example, the 3 X 3 matrixis |0 1 0
0 0 1

The n X n identity matrix has the property that if A is any
n X n matrix,

Al =TA = A.
Inverse of a Matrix

Start with ann X n matrix X. Suppose the n X n matrix
Y hasthe property that

XY =YX=1.

Then Y is called the inverse of X and is denoted X1,

Notes
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e Only square matrices X can have inverses. If X is not
square, then for any Y the product XY will not be the
same size matrix as the product YX , assuming both
products exist.

e Not every square matrix has an inverse. If an inverse
exists, it is unigue.

e |famatrix has an inverse, the matrix is said to be
invertible.

The inverse of a 2 X 2 matrix is simple to calculate:

IfA:[a 2],thenA_1: L [ d _b].

c ad — bc | —c a

Example

The inverse of C = { ! 2] is

-1 0
S R ey P R N e PP |
Note that CC~! = [_i 3 _1/(2) 1_/;] = [(1) (1)]

ade’_lczl 0 -1 1 2]:[1 0].
1/2 1/2][-1 0 0 1

6

Matrix B = [

] does not have an inverse.

Determinant of a Matrix

How did we know that B = [ ] does not have

an inverse?

The determinant of A det A is a number with the
property that A is invertible if and only if det A # 0.
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¢ SI,detA:ad—bc.

Fora2 x 2matrix A = [
c

Example

For B = 6 ) ,
—4 -6

det B= (6)(—6) — (9)(—4) = —36 + 36 =0, <0 Bis not
invertible. That is, B does not have an inverse.

Fora 3 x 3, or larger, matrix A, things are a little more
complicated:

Denote by M;;(A) the determinant of the matrix formed
by deleting row ¢ and column j for A.

Define ¢j(A) = (=1)" M;;(A) to be the (4,4) cofactor
of A

Then we can compute det A by the Laplace Expansion
along any row or column of A:

Along row .
det A = a;1Ci1 (A) + a;2C;2 (A) 4+ ...+ AinCin (A)
Along column j:

det A = a;;cy; (A) + azjc2j(A) ...t anjcnj(A)'

Example
—1 3
letA= |1 0 -1
2 1 6

Along the first row,

0)(6)~(=1)(V)]=(=1) [(1)(6) — (=1)(2)] +3[(1)(1) - (0)(2)]
)+ (1)(8) +(3)(1)

detA = (1)]

= (1)(
12.

1
Computing det A4 along the second column instead,
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: det A = —(—1)[(1)(6)—(—1)(2)]+(0)[(1_)(6)—(3)(2)]—1[(1)(—1)—(3)(1)]
(1)(8) +(0)(0) — (1)(—4)

= 12 as expected.

Key Concepts
et A= [aij] and B = [blj]
o Transpose AT of A

AT = [aji].

n
E ay;, (for an m X m matrix A).
k=1

e |dentity Matrix I
the m X m matrix with T's on the main digonal and O's
elsewhere.

e A+ Band A—B:

e Scalar Multiplication:

cA = [ca;;

ij)

e Matrix Product AB:
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n
(3, 5)" entry is 3 a;rbrj, for anm x n matrix Aand an
k=1
n X p matrix B

e Inverse A of A

Al catisfies AA Y =A1TA=T 1A= [a Z],them

C
A=l [d _b].

ad—bc —c a

e Determinant det A
fA:[a b

],detA:ad—bc.m general, along
c

oW 2
det A = a;1¢1 (A) + a;9¢;0 (A) + ...+ ainCin (A)
along column 7

det A = a1j61j(A) + a2j02j(A) Tt anjcnj(A)-

['m ready to take the guiz] [ need to review more |
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